MATH2050B 1920 Midterm
TA’s solutionsﬂ to selected problems

Q1. State (without proof) the following results:

(i) Characterization Theorem for intervals
(ii) Nested Interval Theorem

(iii) Bolzano-Weierstrass Theorem
Solution.

(i) A subset I C R is an interval iff for any a,b € I, whenever a < z < b then z € I.

ii) Let (I,)$2,; be a sequence of decreasing closed and bounded intervals, i.e. Vn, I, =
n=1
[an,bn], an,bp, € Rand Iy D Iy O .... Then N2, 1, # @.

Moreover if lim, oo @y, = limy_yo0 by, then NS 1, = {£} (contains one and only one

element)

(iii) Any bounded sequence of real numbers has a convergent subsequence.

Q2. Using Q1(4i7) or other methods, prove the Cauchy criterion (if and only if) result for
sequences.
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Solution. Cauchy criterion. A sequence of real numbers (x,)5%; is convergent iff it i
Cauchy.

First, we prove that if (x,,)72  is convergent then it is Cauchy. Let € > 0. Suppose lim,, o0 5, =
L. Then there is N s.t. |z, — L| < § for all n > N. Then for all m,n > N, |z, — z,| <
|Tp — L+ |L — 2] < €.

Second, we prove that if (z,)° ; is Cauchy then it is convergent. To use BW Theorem we need

n=1
to show that (x,)0°; is bounded.

Consider ¢y = 1. By Cauchy condition there is N s.t. |z, — x| < 1 = ¢ for all m,n > N. In
particualr, |z, —xnyy1| < 1 for all n > N. Thus |z,| < |zn+1]| + 1 for all n > N. Therefore
(21,)5% ¢ is bounded by max{|z1],|z2], ..., |zn|, |zNt1] + 1}

n—=

By BW Theorem, (z,);2; has a convergent subsequence (zp, )32, say limy_o0 2n, = L. It
remains to show lim, ., x, = L.

Let € > 0.

e By Cauchy condition, there is M; € N s.t. |2, — 25| < § for all n,m > M.

e By convergence of (xy,)32,, there is My € N s.t. |z, — L| < § for all k> Mo.

Iplease kindly send an email to nclliu@math.cuhk.edu.hk if you have spotted any typo/error/mistake.
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Let M = max(Mi, Ms). For any n > M,

|z — L| < |zp — J:nMQ\ + ]:CnMZ —L|<e.

Q3. For a real-valued function f on a set of real numbers, give the definition and its negation
for each of the following:

(i) f is continuous at a point (say u) in A

(ii) f uniformly continuous on A
Solution.

(i) (Definition) f is continuous at u € A iff for any ¢ > 0, there is 6 > 0 s.t. for all
z € Vs(u) NA, |f(z) — fu)] <e

(Negation) f is not continuous at u € A iff there is € > 0 s.t. for any 6 > 0, there is
x € Vs(u) N A with |f(z) — f(u)] > e

(ii) (Definition) f is uniformly continuous on A iff for any € > 0, there is § > 0 s.t. for all
z,y € A with [z —y[ <0, [f(z) = f(y)| <e

(Negation) f is not uniformly continuous on A iff there is € > 0 s.t. for any § > 0, there
are x,y € A with |z —y| < d and |f(z) — f(y)| > €.

Q4. Let f(z) = 2%, Vo € R. Show that f is continuous at each point of R and that is is not
uniformly continuous.

Solution. The identity function g(x) = x is continuous on R, so product of continuous functions
f = ¢? is continuous on R.

To show that f is not uniformly continuous on R, we use the negation stated as in Q3 (ii).

Consider € = 1. For any § > 0, we want to find z,y € R, |z —y| < ¢ and |f(x) — f(y)| > 1.
Note that there exists n € N s.t. on > 1. Now, the two real numbers n, n + g is of distance

< 4, and
2

|f(n)—f(n+g)|:5n+5z>1

Hence f is not uniformly continuous on R.

Q5. In &6 terminology, show:

(i) limgq 2t =17

(ii) limg oy %5 = +o0, (z > 2)
(iii) If f: R — R\ {0} is continuous then % is continuous.

(iv) If f,g : R — R continuous then fog is continuous on R, where (fog)(t) = f(g(t)), Vt € R



Solution. (i) : Note ]“’C;%gl - 17| = \%‘ If0<|z—4] < %’ then [z — 3| > % and
|z — 13| < iL.

Let € > 0. Take § = min(3, ). For any 0 < [z — 4| < §, we have

2+ 1 (x —4)(z — 13)

— 17 =
I~ — 17 = —

| <e.

(i) : Let M € R. We need to show that there is § > 0s.t. forall z with 0 < z—-2 < 4§, %5 > M.

WLOG we may assume M > 1. Then set § = —2—. Forany z with 0 <z —2 < § = ﬁ, we

M—1-
have

<2+ I
. M—1 M-1

Thus Mz — 2z <2M = M < ;%.

(791): Let zp € R be fixed, we need to show % is continuous at xg. Because f(zp) # 0. By

continuity, there is ' > 0 s.t. for all  with |z — zo| < &', |f(z)] > W > 0.
Let € > 0. By continuity of f there is §” > 0 s.t. for all z with |z — z¢| < 6",

| f(x0)]?

F@) = flao)] < e

Take § = min(d’,”). For any x with |z — x| < 9,

1 L f(@) = f(=o)]

2
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‘g\f(-’ﬂ)—f(wo)\ <e

(iv): Please refer to Theorem 5.2.6 and 5.2.7 of Bartle and Sherbert’s Introduction to Real
Analysis.



